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Chladni figures in Andreev billiards
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Abstract. We study wave functions and their nodal patterns in Andreev billiards
N) ballsic quantum dot

el et of semiclaicl prictionsbecme powible. One smiclmin the-
ory deal Ay retsrfection prdits the cetron-and ol igen-
Satesto peietly o cac oer, Wo prbethe imttionsof vy o i

model both in terms of the spec o s et e b ot e
eefetio b th i ke e, W ety o e e Chlnd
s fo th etz and ks dratialy i o, coch oher and xpl
these discrepancies by limitations of the retroreflection picture.

1 Introduction

When Emat Chlac
 tools available to him where macroscopic objects like grains of s
al plates, and the underlying waves where acoustic waves. Electromag
amequiocally sablshed by \x..mu Herts, o oers i the second bl of the it
the egimingofth twetith cntury, de Boglie and Sehriinge wded st
e i she ook of o e 10 e T of vove e phenomenn. One
immedinte consequence of the ubiquity of wave-like behaviour of ot i3 Y iy of
i

nd on vibrating
tic waves were
ath

» th
from the mactoscopic o the icroscopi. Tt the sty of Chto e
oo hundred sears fte ther frst observation can sill provide information on the wnderling
Physical syetere,for sxomple on quaatura dymasies anc e e cloeial or shore-vave L
Wo focus in the follwing on Chladii fures n mirosiructues wiich ar th et of
the sl beluio of i dectronic dynamics and the prscnce of » suprconduting
vertace, Teccal s i semicomcor seence < has e ol o cosiret e
s nanodevics within which the oo propagtion becones
‘at sullciencly lov tesmpecatures [1. Tronspoet through such opea. “gueatua
D Tataing bl motion b bcome s ocws b tensive riscarch ke o
3] and thoretcal {16 When the opning s replaced by o supescondicting
interiace. the ballstic motion turns into bounded motion of an Andreev Billiard. As discovered
v in 1061 tho it b e bollistc seconductor () and o superconduckng

e carent cutcring of sectrons o holes Bigstatesof Audree
bilrds ths feataro an aletron nd  hol companent coupled at tho nducing nter-
e Stch  clone st ilined fnetne  couple s sheeod conhgraton space, e

= cmail: £loriantconcord. itp. tuvien. ac.at
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sheet representing the o o theclctrn,th e the motion ofthe ol This (-t
suration space trauslates into two coupled standing-wave patterns with their concomitant
odal Tincs or Chiadi ﬁmm o et
Loeed o th odalpierts of oot s ol onponyste T W et ymiies o
Andres il s s sl roverbial quesion refrsng €6 the acousic
analogue to billiards, “can you hear the shnpe o drun, . it aze speciral sgnatures
o e g ofthe Dl by, can b pisd & tho prsot pmo L il war
Wt met e sptil snpate of e eteion e th SN powsrs o o provorn:
ivel, “Can you see Andreew refiection trajoctores n tho ol pite ot v oo ot
tes of Andreey billiards to the
veen electron

ofa

hole wave?” We co
periodic orbits predi ity be
s s componsae o th diglts 513 e kUi ams ok the iy o
Semicsical Bobw- Sommeried approximntion and i
w mvsugn o distinet gometis () the alfcirele bilad, which fentures regular
dyn: the mushroom billiard, whose counterpart with only Dirichlet boundary
Comitions Tt one. vl Htd 5 i o T e it e Crens
) ) ut also the
corresponding quantum mechanical
Patterta provides us with a direct, qusatitaive messure for the degeee of quantu
comepondenee.

i xeport is organized s follows: In section 2, we briefly introduce the physics of Andreey
el s s for the ot s el dscption of A bl I
section 3, el for cgenstate i partielr o o ol pattes i the lctron
e wawtfontions. & Short umry sk s en i eetion

only
eigenstates of Andreev billiards. The analysis of the nodal
wclassical

2 Andreev billiards

2.1 Andreev reflection

The (Ilspexslon relation of an electmn nwvmg rhmugh a ballistic, normal nmn(lur!mg qu-nu\m
ood approximation, a parabola (see Fig. 1(2)}. Thus, the clectron can wd

v s e decrtiued by th curvatune of she porabeln

“The dlspersion reation of » superconducior, on the other hand ee
e different [10): A band gap of size 2A opens at the Fermi energy described

¢ particle
at the I point (k
Fig. 1(b)]. looks qu

. Coop ) in terms of
of paited electrons, so-called Cooper pairs, with binding energy of ~ A, which represent. the
new ground state.

Consider an clects
< A above the Fen
Bt o supescondcting oo

moving, theouts © vl el i » el ecision vy
Ty [within the shaded avea in Fig, 1(v)]. Once the particle

nergy E

ke i the Fer e, which o refleced back ot the

norma condctor, Under the ssumpion of the sbsence of oher perarh

dom (o5 phonons) this proces is phase cobernts . there s a on-to-one rlation between the
the refle

ole Moreover, tection
ot bomndney o P 10 e o b etorected bck it e Girection of the
dent clctron due t momentum conservation rather than specular reected fsoe g, 1(d)]

2.2 Classical dynamics: The role of periodic orbits

“The classical picture of retroreflection at the S-N boundary combined with electron-hole con-
n amics. A:

version has far-reac ces for the classical dynamics. Assuming exact, i.c. cnergy
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Fig 1. (&) Disperion of o norml metal, Sl in: htzon, o lin: ok n the asencs of
any interaction electron and hole lines cross. (b) Dispersion in the presence of the gap & in the
epeconctor e the v ot o) Norad speco sllion of the cheton a1 e
described by Dirichl ons. (d) ing at. th
SN inter

rfac.

et roreioction ciry oy i » cosed il gty it o sioge S

face at s boundary e p.,, ,206)] becomes peiic i the esiended o e
ron (rorke) an hole (p. ko) A e eecion the gt

on sl Unie pormal bilerds, here s of oot on bite s of meaure e, thcv fom

, geteraly, 6l the anergy lypens ption of subscts

n, m.,m.,m e which domot o et Moroner e i Froriog choe o an

normal-conducting b it x system governed by periodic

i whan vesiacing pe of o ooy v o superon conductar

s

olds w

trorefle To the
deed, the sheleton of qusatuth Varehunetions the wave.
rror that of the hole, ie. the two sheets of the

A furthe re
extent that clssion orbits provid
function for the elcctron should cxactly

Fig. 2. (2) radins ea
to 3 normak<odcting () licirle (uperconductng are i ), (1) Mo
e c B.(c) P

e The ot b e b the o one e, . by (e bl e ot
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tion should be identical. The reason is that the classical trajectorics in the
i ole coordinate should have identical topologies and weighte
Tho samuapdlon of ssally wtcng v ol crbie encetorth caled the retsacng

ectron

escription of Andcev
s, et i, boweverthe (1o il ner derence e ccten
e ol will, i geeral, bresk tho xac corrspondence beaven lectronan ok Morove,

cifinction wil lend to diferent

o i o et ot e Trsing 1t oot around. o dis

electron and hole wavefunction directly reveals quantus o oy it s

Semichasical approximation. By comparing the Chind fgures of clctron s hole componests
" . the validit

e

of.

2.3 Model system

el oo e (s ) et
bt o eglegby smal compared to the ssten s ation used to model

supercondin wr-uemm\ ot Ibid e s the Bogohonbrcde Gennes (500) e
o, two-con oo o the Scinges tion

(Z'-’ jia) (vm) - 5(:@ Y

o = 7/(ama) +.V(e) . s thesingl prtice Homitonian.u (1) i the clectron n k)
quasiparice svefuncion, < the exetation cnergy o n (hole) aboe (bel
Eermi eneee - Decaus e want b it the D st ot -l Ao
ergy Tange 0 < ¢ < A, for which no propagating solutions of (1) in the
rseaductine reghem Gt
We imestigate o disinet. geometsies, fentving both sl and chati
SN halfcircular, ballistic normal conducting quantum dot of radins
feht side eithes to () & superconducting W weguid of widih 21,
o bnlbcirle h.mm e Pl 20, or () to n wavegu of i
Soparcondu b e e Pl 200 Whie e
i of e lf e e s .«g\.m e mambroomy ature mied dycmaies with
phase ottt otz In confgurslon space I 4
excoutasior s ocatsd ak the i msbeom. nly
s ot s s e chati ek the SN tesnce o s oo s
ey orbits

ic motion in the

e considr o

one superconducting lead, we can choose the superconducting gap
parameter e real. We assume that the superconducting coherence length € is small
Fompaced o ey oxhe sl of th syt . povseuts 1t v ot o the e of the
rectangular cavity, in order to use a step fnction model (12) for A = |o] (zsy —2). Our
coodloae st o chosen suchtha the - intefaco s bted o oy = 0. For
e st aquad ffctive tncoes ide tho S aud N Fogions, requred Jor o, Kdeel
etween bormal sk supereonucion. A3 4 come robability for Andreev reflection
the enerey Fonge we conaiderisof ader uai, up to corections of ordes (A/EwJA11)

2.4 Numerical technique

We will give a short summary of the mumerical techniques sed to solve the BAG equation (1).
A mor detailed discsion can b found in mr [13]

In 5, o calculte the eatering marix S(c) ofthe open N caviey with the
upeconieting K gl by e codaing ot o (i problem docs
& oupecconducioe, t cat be trecsed wing welbestablshed ocha ovsentons, el
tic quantum billiards. We use the modular recursive Green's function method (MRGM) [3,9).
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“Dhis method employs a tight binding grid discretization using symmetry-adapted coordinats
(5. both cartesan and polar coordinaes depending on the boundary) to ssesable the Green's
functon of the structure. Both the seatering matrx S and the wavefunction ty can then be
it vt e Gt s

the ${6) matri, one can sxpand the wavetunction wy(z) as a superposition of
incoing and ougotn transers cgesiotes Xo() ~ /37T sn(yus/ 1) of he bl nite
waveguide as

¥4 4 e, (40
Z ([f"“” + e ()l
= \/2(Ee %) — k2, ki = nx/W. Tn the S region, a similar expansion of s(z) in
erms of the Saalytic solutions of the BIG equation

vs= Z [(‘,‘) e ( '”) Bie ’W] (o) )
R G

T the second e, e peorm o v fotion e
vs) and gy = (wy, o) in the S and N region of the S-]
itions of the form

Xnly) @

with

wecos , is possible.

8 between the wavefunctions ¥s =

(us, interfce, ie. at zsv[14]. Matching

Unlasy) = Usasn),  Ouvs(a)lemson = FrON(D)lemson @)

et in st of linar cquntions. Eigenstates of the Andieey billned can then be found by
o e spectrl det The present full quantum
ieion o st el onson o the ety e ...,.,mm..mm. fo Andrees systems
h o e malkuss o the e & < - e therefore srvs s baacanack o sl el
approxin

3 Chladni figures
3.1 Half-circle b

d

W ae o eady o take ok at the Ghlad figures created by cectron and ol excitations

e Ay il I he pctase of Ao sfections i [ 1), o wod
expent = dear coreepadeace betoen secoe i bole weveliavion 0t 4 1 Coupling o
the SN interface.

The cigenstates found in the rogulat alfirle billard,indecd, flfll these xpectations

ol peters o elcron o e ol gt ind vy good azreement. Moreon,
a strong localization of the nodl larger length scale. Th tio

g s i an e ot
in the st of Fig. D151, & sl penomeon recn in pseudointegrable normal
ds as ealed supersearting (1], The conree

enhanced along bundles
of |vmmhc Androer otbits mmpo.mmg 0 diflrent orbit Teogths  fce the et i Fig, 3
(o) Staes with over cgenenery s ssocated with ongr orbits, Tie bsertion

D anderstood by comsin o o e ottt i Andrees orbia

Giacuaed b

3.2 Semiclassical description

The nodal patterns displayed in Fig. 3 can give dircct insights into the process of the
Bohr Sommerfld periodic orbi quantization. The toal phase accumulted when sraversng
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@ i V\(m

\/ AAAA

Deasity of electron and

© e cigenfunctions [V circular Andree biliard for
it Gilles st sovegin = 01368(0), LT47A (). and .HMM R (whie) corres
highest. amplitude, black to I Fe v 21 0.02F. Bath the
oy et sectron st b vt o s encomcnt o s of el
h

orbits can be seen. (d) shows a cut through the electron (green, solid line) and hole (blue, dashed line)
probability density depicted n () lon the chsicl obit shows i the nset

periodicrbi should b a infeger mlpl of 2. Incotrest .0 comventional one-componet
cctron and hole part of the trajectory must be included. The phase the

ersing the billiard is subtracted from that of the hole retracing

periodic orit i the eletron and hole density see Fig. 3(d)].

1o addiion, each Andreev reflction constitutes a phasc 7 Because one
periodic orbit contlus two Andreev refecions, ths phase contributionbas (o e couned
tvice. The total phase accumulated over one periodic Andreev orbit A is tho

pdg = 1(k: — k)

where € is the le

gth of A, and k.. = /2(Br £ ) is the wavemumber of the electron or hole,
respectively
Taylor expansion of Eq. (5) in terms of ¢ yields a relationship between orbit length ! and

©®
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Fig, 4. (a) Path le
sical (green dashed |m«) ate conm
B = (215

cchanical (red staircase) and semiclas-
Feirele Andree billaed, The Fermi encr

= in Fig, 3 for encrgies marked by
o {0 Bt et i ) ctute counting Functon N(e) of the e
Ay . The Fermi nerey )’ 002Er. Two ek i the ot et

i ot 17t o cormponding cas in he ot coming i
oy (). Ove n Fis. 5.

the it gt i, o ised quantam munber 1 vrsly propoctionl o theexcltation
of the particle <. This explains the observed decrease in orbit longth
. Note that the q\lmu\m b choneins e gt
he electron and the hole. Iy, the phase shift in the nodal pattern
cunctions sce Fig. 3(
ot i the Ieft e sl of () th lengthofthe sl perodic orbits vl s
superscars in the eigenstates depicted in Fig. 3(a-c) predicts the correspo
with a high degree of aceuracy. Thus, the eigenenergy of an Andreey st

by the of osci along the orbit (proporion o &) i ion:
biliards, but by the diflrene in ascilation bten o i ol ptters (propotional
to k, — ). Because k, — k, = Ko this chonatity varcs much more siowly wich ot

<
Lengih th in comentiona bilineds givin rive o the remasable acenracy of semiclieal
theories of Andreev billiar

3.3 State counting function

We turn norw
condition (6) nto  sen
density of states acco

iclasical cxpression of the state counting function N, k. the integrated
ing to [15]

Nase) = w3 [ T') P ®
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clctron

elctron
@,

b tions U of the muhroem, Aadrces il or
s ¢ = 0. x«.\m D3A(). 0.A(0) and D5IAD. The or
a chosen . By — (17:57)%/2, & = 0.025y. The correspanding stae couning fonction is shown

The fact that within form
nane e gposeiad B N (1) v gk oo . nsisiom ckrition o
oth engths, Allorbite o a lngth of at Jas 1 = () contibte to th st countng uncion

i 1 s s by P, e casical probly that
g puch of length £ fs - 4(a)]. Note that P(1)
hat enters the semiclassical prediction for the state

at enerzy <. The weight of each orbit

R Al s

i the only geometryapecilc o
unction. The topology of

idual orbits is rrelevant. All states share the same
0 cutring the quntaation codiion o Ea, (6) and ae distinuished
gies fall in a very narrow encrgy window, the

e by e ot Fig o), and the e o s e
shorts g, 30) s ot possile, Ouly a imited e of it ot et e
e . i ecmete e s .t e pach leath dsbution b e 4]
e seichasial predicton for N(6) i 0 B ) et i e
! calentaions of the atate counting
PICE ®

for the regular halfcircle billiard remarkably well [see Fig. 4(b)]. It is now instructive to ask
e metle o ersmntil sl o Obe ey i e it ke il vt

Now(e)

ol ptters and fnth otz e bl e, e st U
it of the semiclasical sate-counting funetion (Eq. 7) i the retracing approsimation. The
o wavetntions o th twoshetsclosly mirrr b ol

For the half-circle billiard this s, indeed, se (se 3). Thas, the modal patterns (o
it s et nnion v ot et of e

3.4 Mushroom

than th
the billiard takes on the shape of a mushroom [sce Fig

If the dinmeter of the halt-circle is chosen larg

width of the supercondicting lead
2(0))- In these structurcs, a wider
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ey of poh topologis et A consunce the chsien pih et dissbution shows
pronounced structures [see Fig. 4(c). The state comnting function now features several distinet
Cuape, corresponding o the diffreat vmkx () ee pcnks  comespond to topoloicall
ren bundles i phnss space, A snted with these
dierent pesks o o i erent wl)olcpuml s n u.m o potns supersears.
Tndecd, diferent
ot The ot and e ot pek it patln spetrum P(o) [nared
(1) in Fig 4(0)] domotes states wit Tongth 7 = R fenturing regelos nodal patterns inula 0
the state foun i the halfcirle illard fee Fig. 5(b). The state counting Jog fonction shows
& comsponding i onckd () o i A, wlich & prited e sccurtly by

milsia ey, & scond cusp vk (1) Fis. i )] fentunn igensates rellcing
i hat fsee Fig. 5(). For patterns
e dcamn nnd e wasefunctions agree very wel
I iferent, howe i pronounced pesks
ore i rexion o

().
o whers oy e sdionn st are added Ihaded i Fig, 4, The rnson for the
e o he s approsimation can be readily scen in the wavefnctions:
Blzon nnd W (’Ag(-mmu "G o o cach o, most notably o the ispeing gllry
states i i the e il ofthe mlhhrwm\lfl 20). These states feature
A Strong nymetry i the verall rebabiliy densty between detron it m [see Fisg. 5(d)].
Gl e oo ey the o of b o epprohani

Anoter eson o the e of i i diffcive satering o0 e
o e wny” patte
wear a single .,.mm mu..x iowver thev o s i st difactive cor
Furthermore, the patterns found for ekc!mn and hole do not agree (©)]. We per-
formed muncical smdms for different geometries with a vary

o uanitatively wnderstand the role of diracion in
it ot iction parily dsrops th vt

ntrance corners

?

ni properties of Andreev refletion.

4 Conclusions

el et el corcmnponen s e bl bt et
‘The nodal patterns (or
Chladai figures) are shown ¢ i for the validity of

approvimations, in particua (he retacing approximation.
we find e betseeen the nodal patterns

o dntrn and e companet of the ciensate xmhumm, ha the sl g
well 1 describe this geometry. Indeed, the periodic orbits predicted by

Somicnss ol umy ety mappel s eong bmcomints b st ptiess iong
lows s o prdic th egencnergis of states by the lengths of the perodic

e n s s B

"The mushroom Ancdreet billard, whose normal.conducting cor terpart features il
ynamic, shows sinilae beaviour o thos cgestate doninated by short, broad bundie
of cusionl raetocon Horwn, ot dgmtaies s 10t sl assical
ap u. For e et bl componcats s difleen ol perms:
i v i v it he obscrve e of the retracing approximation.
the mm,,.m.n-m  between clectron
= ) Coupin.of e of the o components to sl locsted
< mhroorm, (1) Diflctive eflots i the corers of the mmsbroom.
e  that Amdscev illards llow to determine the degree uiq\nn[\mnhmml
Comesponience b comparin the (w0 nodal paterns o clectron and hole componert.

%
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